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M. E. Cage and A. Jeffery We use equivalent electrical circuits to ana-  for both ac and dc currents with a one-stan-
lyze the effects of large parasitic dard-deviation uncertainty of 1& R, or
National Institute of Standards and impedances existing in all sample probes on less during the same cool-down with all
Techrology, four-terminal-pair measurements of the leads attached at the device. The single-
Gaithersburg, MD 20899-0001 ac quantlzed_HaII resistané®,. The circuit series “offset” connection circuit meets our
! components include the externally mea- other desired goal of also measuring the
surable parasitic capacitances, inductances, longitudinal resistanc& for both ac and
and lead resistances, and leakage resistances dc currents during that same cool-down.
of ac quantized Hall resistance standards, as We will use these predictions to apply
J. Matthews well as components that represent the small measurable corrections, and uncer-
electrical characteristics of the quantum tainties of the corrections, to ac measure-
University of Maryland, HIaII e_ffelct _devipe (QHE)_. Two kierSQ?—flE ments ofRy i_n o(jrd:rﬁo re_alize an intrgn- dor
electrical circuit connections to the sic ac quantized Hall resistance standard o
College Park, MD 20742-4111 are described and considered: single-se- 1078 Ry uncertainty or less.
ries “offset” and quadruple-series. (We
eliminated other connections in earlier Key words: ac quantum Hall effect;
analyses because they did not provide the equivalent electrical circuits; intrinsic
desired accuracy with all sample probe impedance standard; multi-series connec-
leads attached at the device.) Exact, but tions; quantized Hall resistance; parasitic
complicated, algebraic equations are impedances.
derived for the currents and measured quan-
tized Hall voltages for these two circuits. Accepted: October 13, 1999
Only the quadruple-series connection circuit
meets our desired goal of measuriRg Available online: http://www.nist.gov/jres

1. Introduction

The integer quantum Hall effect (QHE) [1-3] is being probe leads had to be removed at the device in these
used in many laboratories [4-9] in an attempt to realize experiments to even achieve this disappointing result.
an intrinsic ac resistance standard by employing ac Removing sample probe leads at the device precludes
bridges to compare ac quantized Hall resistariRgs  measuring many of the parasitic impedances, which we
with ac reference standards. Unfortunately, the mea- will show here can be important. Removing leads also
sured values of the ac quantized Hall resistafgsave precludes measuring boRy and the longitudinal resis-
varied with the applied frequendyof the current, and  tanceR, during the same cool-down, which has been
differed from the dc value oR, by at least the factor  found to be necessary [10] in order to obtain reliable
107 R, at a frequency of 1592 Hz (where the angular  values ofRy with direct (dc) currents, and may be even
frequencyw = 2nf is 10 rad/s). Furthermore, sample more vital in ac measurements because the measured ac
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values ofR; have also been found to be frequency-de-  Considerable effort had been expended in our previ-
pendent [4,5,11]. ous papers to reach this final selection and analysis
Our desired ultimate goal at NIST is to measure both stage. Reference [13] calculated the effects of longitudi-
R4 and the longitudinal resistand& during the same  nal resistances in quantum Hall effect devices for vari-
cool-down using both ac and dc currents with all sample ous kinds of multiple-connections to the devices. (Mul-
probe leads attached at the device, and to do this with atiple-connections will be explained in Sec. 7.) The exact
one-standard-deviation uncertainty of $@R, or less. equations for the currents and quantum Hall voltages
We require an uncertainty this small because the com- derived in Ref. [13] should be used for the corrections
bined one-standard deviation uncertainty of the entire that result from parasitic resistances in the sample
NIST calculable capacitor chain [12] which provides the probes when making dc measurements of quantized
System International (SI) value & is only 2.4x 1078 Hall resistance standards. Reference [14] described pre-
R4. Thus, we need to do better than that combined cision experimental verifications of these corrections for
uncertainty in order to verify and replace parts of the several multiply-connected dc circuits. Reference [15]
calculable capacitor chain. found approximate equations for some of the currents in
The observed 10 R, deviation due to the frequency single-series “normal”, double-series, and quadruple-
dependence d®; in ac quantized Hall resistance exper- series connection circuits when the effects of capaci-
iments is therefore a serious problem that must be ad-tances-to-shield and leakage resistances within the sam-
dressed. This is the final paper in a series that tries to ple probes were included. Most of the capacitances-to-
adequately reduce or account for the frequency-depen-shield arise from the capacitances between the inner and
dent effects of parasitic impedances existing in all ac outer conductors of the coaxial leads and connectors
gquantized Hall resistance standards. We believe this pa-within the ac quantized Hall resistance standard; a
per accomplishes that purpose, and that an intrinsic acsmaller amount arises from the capacitances between
quantized Hall resistance standard can be realized withthe quantum Hall effect device plus sample holder and
an uncertainty of 1¢ R or less with all sample probe the surrounding conducting surfaces of the sample
leads attached. probe. Finally, Ref. [16] found the exact equations for
the effects of capacitances-to-shield, series resistances,
series inductances, and leakage resistances within the
2. Our Strategy sample probes; this analysis was done for single-series
“normal”, single-series “offset”, double-series, and
We investigate the effects of parasitic impedances on quadruple-series connections.
measurements of the ac quantized Hall resistétydsy Two circuits in Ref. [16] showed promise for further
using equivalent electrical circuits to represent ac quan- consideration: single-series “offset” and quadruple-se-
tized Hall resistance standards. Each circuit componentries connections to the quantum Hall effect device. In
is a discrete, externally measurable quantity. The dis- this paper, we now include in these two circuits the
crete components of the ac quantized Hall resistance effects of wire-to-wire capacitances between pairs of
standards consist of: (a) capacitances and leakage resismner conductors. Significant wire-to-wire capacitances
tances to the shields of the sample probe; (b) seriescan exist between pairs of conducting surfaces of the
inductances and series resistances of the sample probguantum Hall effect device, the sample holder, and the
leads; (c) wire-to-wire capacitances between pairs of ponding wires between them.
conducting surfaces of the quantum Hall effect device, A brief explanation of the dc quantum Hall effect is
the sample holder, and the bonding wires between them; given in Sec. 3. Section 4 describes our equivalent elec-
and (d) quantized Hall resistances, longitudinal resis- trical circuit model of a quantum Hall effect device, and
tances, and voltage generators within the quantum Hall Sec. 5 incorporates that circuit into the equivalent circuit
effect devices themselves. These circuit components ac-of an ac quantized Hall resistance standard. The single-
count for the externally measurable device parametersseries “offset” circuit is explained and analyzed in Sec.
and parasitic impedances of the standards. We believeg. We will find that the single-series “offset” circuit
these equivalent circuits are the simplest complete repre-doesnot meet our goal of measuring the quantized Hall
sentations of ac quantized Hall resistance standards. resistancéR, to an uncertainty of 1 R, or less, but it
Exact algebraic equations for the currents and quan- doesprovide the means to adequately measure the ac
tum Hall effect voltages of the standards are derived |ongitudinal resistanc®, and to then apply corrections
from these circuits. The equations are complicated; it to the measurement. Section 7 considers the quadruple-
required many months to derive and check the algebra, series connection circuit; the predictions for that circuit
and to numerically confirm test cases for each of the do meet our measurement uncertainty goa|mr
two circuits finally considered. We were therefore very
selective in choosing which circuits to analyze.
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3. DC Quantum Hall Effect positive charge carriers inside the device, since this
would yield an incorrect sign for the Hall voltage.

The quantum Hall effect (QHE) has been success- Shaded curves within the device show the current
fully used as an intrinsic dc resistance standard. In the flow pattern for this case. The current enters one corner
integer dc QHE [1-3], the Hall resistan&y of theith of the device, and exits at the opposite corner. The flow
plateau of a fully-quantized, two-dimensional electron direction reverses on current reversal. Current enters and
gas (2DEG) idy(i) = Vu(i )1+, whereVy(i) is the quan- exits the other two diagonal corners on magnetic field
tum Hall voltage measured between potential probes reversal. Shaded arrows pointing in the opposite direc-
located on opposite sides of the device, brid the total tion to | indicate the electron motion, and are reminders
current flowing between the source and drain current to the reader that the current within the device is actually
contacts at the ends of the device. Under ideal condi- composed of electrons moving through the 2DEG in the

tions, the values oRy(i) in standards-quality devices
satisfy the relationshipBy(i) = h/(e%) = R«/i, whereh
is the Planck constang is the elementary chargejs
an integer, andR¢ is the von Klitzing constantR¢ =
25 812.807Q [17]. However, the conditions are not
always ideal. The values & can vary with the device
temperaturd [18] and with the applied currem [19].
Thus the measured dc valuesRp{i ) are not necessarily
equal toh/(e%).

The current flow within the 2DEG is nearly dissipa-
tionless in the quantum Hall plateau regions of high-
quality devices, and the longitudinal resistanRg@$) of

opposite direction of the conventional current direction.
Thex axis of our coordinate system is directed along the
device, with they axis pointing across the device.

Fig. 1 also shows our equivalent circuit of the device.
The device contact pads provide electrical access to the
2DEG at the source'Sthe drain D, and the potential
pads 1through 6. Each contact pad is located at the end
of an arm of the QHE device. Every arm in the equiva-
lent circuit has an intrinsic resistor whose valu®igi )/

2. We assume that the devicehismogeneous.e., that:
(a) the quantized Hall resistand@(i) areall measured
on plateau regions; (b) their values are ganeon all

this standard become very small over ranges of magneticthe Hall potential probe sets; and (c) they are all mea-

field in which quantized Hall resistance plateaus are

sured at thesamemagnetic flux density valu8. The

observed. The dc longitudinal resistance is defined to be values of Ry(i) can, however, vary with temperature

Re(i) = Vi(i)/1+, whereV(i) is the measured longitudi-

[18] and current [19] as long as they are the same for

nal voltage drop between potential probes located on theeach Hall probe set.

same side of the device. The dc valueRg(fi ) can also
be temperature [18] and current [19] dependent.

4. Equivalent Electrical Circuit of a QHE
Device

The inset of Fig. 1 shows a QHE device for the case
when: (a) the magnetic flux densi® is directed into
the figure from above; and (b) an applied currénof
negatively-charged electronsnters the device source
contact pad Sand exits the drain contact pad.Mnder
these conditions the drain contact padadd the poten-
tial probe contact pads 13', and 5at the device periph-
ery are at higher potentials than contact pad<$ 4',
and 6. If a ground potential is applied near the source
S, then contacts D 1', 3', and 5 have potentials near
the quantum Hall voltag¥(i ), and contacts'$2', 4,
and 6 are near ground potential. The higher potentials
are represented in the figure inset by thicker lines on the
device peripherywy(i) becomes-Vy(i) on current re-
versal.

Outside the device, the current directigris labeled
in the oppositedirection to the flow of the electrons,
following the convention that the current direction is that
which apositivecharge would take. We cannot assume
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The values ofRy(i) could also vary with frequency,
but our calculations of the intrinsic impedance of the
2DEG due to the internal Hall capacitance across the
QHE device [20] predicts a negligible dependence of
Ry(i) itself. We therefore greatly simplify the model,
and assume temperature and current deperdienal-
uesfor the Ry(i)/2 resistances in Fig. 1 and throughout
this paper. (Intrinsic in-phase frequency-dependent cor-
rections to the dc values &(i) could be inserted into
our final equations if these corrections are later found to
be significant, and if their algebraic relationships are
known.)

The potentials at the ends of the arms at contact pads
S, 1' through 6, and D are produced by diamond-
shaped arrays of voltage generators. Ricketts and Ke-
meny [21] first used these diamond arrays in equivalent
circuits. Then Delahaye [22], and later Jeffery, EImquist,
and Cage [14] used ring-shaped voltage generator ar-
rays. Although both types of arrays give essentially iden-
tical results [13], our calculations are much simpler with
the diamond arrays when longitudinal resistances are
included in the circuits [13]. We therefore use diamond
arrays.

A voltage generator, labeléds and located between
a pair of arms A and B in the circuit, produces a voltage
defined as [21]
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Ru(i)

We will discuss the longitudinal resistances further in
5 [1a = 1g], 1)

the next section, but note here that their values can be
temperature [18] and current [19] dependent.
wherel, andlg are the magnitudes of the currents flow- The quantized Hall resistan&®(3',4') measured be-
ing in arms A and B of the circuit. The currerfsand tween contact pads and 4 in Fig. 1 is
Ig within the absolute quantity sign of Eq. (1) axéded
if they both enter or both leave the voltage generator, and Ru(3 ,4) = [Va = Va] _ [Veat+ Veq _ Ru(i)
aresubtractedf one current enters and the other current ’ I+ I+ '
leaves the generator. Since the voltages produced by the 4)
generators are functions 8(i), their values can vary
with temperature and current. The arms A and B in the The device shown in Fig. 1 iBomogeneousi.e., the
diamond-array voltage generator definitions can be the quantized Hall resistanceB, are all measured on
external arms S 1' through 6, and D, or the four plateau regions, their values are ts@mebetweenall
internal segments containing longitudinal resistanmges  the Hall potential probe sets, and they are all measured
rn, e, @andry (Which will be described later in this sec- at thesamemagnetic flux density. Therefore
tion).

We assume in the simple case of Fig. 1 that there are Ru(1',2) = Ry(3,4') = Ru(5',6') = Ry(i). (5)
no currents in potential arms' lthrough 6, so
la=ly,=1.=14=1+1. Since there are no currents in the Note once again thd,(i) canbe a function of temper-
potential arms, this means that all of the voltage ature and current, anchn differ from the ideal value
generators shown in Fig. 1 have magnitudés = h/(e?).
[Ra(i)/2]|1+]. For clarity, the voltage generators are indi- The circuit in Fig. 1 represents a QHE device im-
cated in the figure as batteries whose positive terminals mersed in liquid helium and cooled well below 4.2 K, so
are oriented to give the correct potentials at the end of that the temperature dependence correctiofgfig are
each arm. As an example: if the potential at contact pad negligible or small. It would be nice if this circuit was all
S is 0, then the potentiaVs at contact pad 'Sof the that was required when using the device as an ac resis-

Vag =

Vi(3',4)
It

quantum Hall effect device is thevls = [Ry(i)/2]1+ + tance standard, but life is not so simple. There are large
ralt + [Ra(i)/2]|1+] = [Ra(i) + ro] I+ = Vu(i) + rq4l+; and the parasitic impedances within the ac standard that can
potential Vs at contact pad '6is Vg = [Ru(i)/2]1+ + significantly affect the measured values of the ac quan-
ralt — [Ra()/2]|15| =rgl+. tized Hall resistance. The next section describes the ac

The applied ac current alternates direction, so the quantized Hall resistance standard and the parasitic
voltage generators reverse sign each half-cycle. Thus,impedances.
for the part of the period in which flows in the direc-
tion indicated in Fig. 1, the voltage generators have the
polarities shown. Half a period latér changes direc- 5. Equivalent Electrical Circuit of an AC
tion, and all the voltage generators reverse polarities. QHE Standard

The circuit elements,, ry, e, andrqin Fig. 1 represent
real (in-phase) longitudinal resistances within the  The quantized Hall resistand®,(i) of an ac QHE
device. Longitudinal resistance values are obtained by resistance standard (ac QHRS) can be experimentally
potential difference measurements along a side of the compared with the impedances of ac reference stan-
device in thex direction. For example, the longitudinal dards using ac measurement systems. Like other labora-
resistanceR(2',6') between contact pads and 6 is tories, NIST plans to use ac resistors as reference stan-
dards, and an ac ratio bridge measurement system to
make the comparisons.

Figure 2 shows an equivalent electrical circuit repre-
sentation of an ac QHRS in which the QHRS is being
whereV,(2',6') is the voltage difference measured be- measured with an ac bridge using four-terminal-pair
tween contact pads' 2and 6. Referring to Fig. 1, [23,24] techniques. We use four-terminal-pair tech-
Vi (2',6') = Vg + Iielt — Vea + Viap + rplt — Vi Since no niques so that error contributions from the ac QHRS, the
current flows through arms 24', or 6 in this example, ac reference standard, and the ac bridge can all be ana-

- Vi(2.6) _[V2 — V]

I+ I+

R(2.6) ; )

Vec = Vea = Viap = Vo = [Ru(1)/2]|17]. Therefore lyzed separatelyNeitherthe ac reference standangr
the ac ratio bridge are shown in the figure. This circuit
R(2',6)=R(1',5)=rp,+r. 3) of an ac QHRS is rather detailed, so we explain it one

step at a time.
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Potential

Fig. 2. An equivalent electrical circuit representation of an ac QHE resistance standard with single-series “offset” connections to the device. The
symbols are explained in Sec. 5. See Secs. 6.1 to 6.3 for the circuit analysis. The quantized Hall resistance is being measured in an ac ratio bridge
using four-terminal-pair [23,24] measurement techniques. The ac ratio bridge is not shown in the figure, nor is the ac reference impedance standard
with which the QHE standard is being compared.

The ac QHRS of Fig. 2 is bounded by an electrical the text as “outer conductors”.) To simplify the figure,
shield indicated schematically by thick lines. Actual we label only currents in the inner conductors.
shields have complicated surface geometries. They con- The ac QHRS has electrical access at room tempera-
sist of: (a) conductive surfaces surrounding the QHE ture via four coaxial measurement ports labeled Inner/
device and its sample holder at liquid helium tempera- Outer, Detector, Potential, and Drive. These four ports
tures; (b) the outer conductors of eight coaxial leads are used in the four-terminal-pair measurements
within the sample probe; and (c) the outer conductors of [23,24], where each coaxial port is referred to as a
eight coaxial leads extending from the top of the sample “terminal-pair”. The four coaxial ports are connected to
probe to room temperature access points S, 1 through 6,room temperature access points S, 6, 5, and D in the
and D. (The electrical shields will also be referred to in figure. (We will explain in Sec. 6 why access points 6

and 5 were chosen rather than points 4 and 3.)
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Proper four-terminal-pair measurements are not easy,point on the sample holder and then to a coaxial lead,
and we will discuss only the essential requirements. A and the inner conductor resistance of that coaxial lead.
great advantage of using this measurement technique is(We combine these resistances into a single resistance to
that the ac QHRS can be analyzegparatelyfrom the make the circuit as simple as possible.)
ac ratio bridge and from the ac reference standard. The inner conductor coaxial lead resistances vary

The ideal four-terminal-pair measurement definition with the liquid helium level in the sample probe. They
[23,24] of R4(i) is satisfied by the following three simul-  can be measured pair-wise (using room temperature
taneous conditions: (1) the currdptat the Drive coax- access points S, 1 through 6, and D) as a function of
ial port is adjusted so that there ame currents in the liquid helium level via two-terminal dc resistance mea-
inner or outer conductors of the Potential coaxial port, surements by temporarily replacing the QHE device
i.e.,lp=0; (2) the potential difference meroacross the  with electrical shorts at positions &' through 6, and
inner and outer conductors of the Detector coaxial port; D'. The cooled inner conductor coaxial lead resistances
and (3) there ar@ao currents in the inner or outer con-  are typically each about @ in ac quantized Hall resis-
ductors of the Detector coaxial port, i.&; =0. tance standards. The outer conductor coaxial lead resis-

It is implicit in the four-terminal-pair definition that  tances depend on the type of coaxial cable, and their
eachcoaxial port is treated as a terminal-pair, and that values also vary with liquid helium level. The shields
the current in the inner conductor eferyport isequal will be shorted together at the sample holder end of the
andoppositeto the current in the outer conductor (the NIST sample probes, but electrically isolated elsewhere,
shield) of that port. Coaxial chokes [25] (located outside so their two-terminal resistances can be measured pair-
the ac QHRS and therefore not shown in the figure) wise. Typical outer conductor values range between
assure that this equal and opposite current condition isabout 0.1Q) and 1) in ac quantized Hall resistance
satisfied for each of the four terminal-pair ports in the sample probes.

circuit. The currento, exits the ac QHRS at the Inner/ Each sample probe lead has an inner conductor induc-
Outer port and enters the ac reference standard (nottancels, L; throughLs, or Lp that is electrically con-
shown). nected in series with the lead resistancgs; through

A “virtual” short has been drawn in Fig. 2 as a line rs, orrp, producing lead impedances z, throughzs, or
between the shield and inner conductor at the Detector z,, where
coaxial port to indicate four-terminal-pair condition
number (2). We let the Detector potential be zero, i.e., Zs=rs+jols, (6)
VD1 =0.
The reader will recognize the equivalent circuit repre- etc. (We use the symboal j, rather than the symbol i, to
sentation of the QHE device located in the central region denote the 90out-of-phase component &f in Eq. (6)
of Fig. 2, with the same magnetic field and current to avoid confusion with the quantum Hall plateau num-
directions as Fig. 1. There are now currents in the side beri.) Due to severe space limitations in Fig. 2, these
arms of the device, so the voltages generated are differ-impedances are unconventionally drawn as resistors
ent than those in Fig. 1 and Sec. 4. For example within rectangles.
Vip = [Ru(i)/2][1a — 11]. Just as for the lead resistances, the inductances can be
The device and its contact pads $ through 6, and measured pair-wise at room temperature access points
D' are cooled well below 4.2 K to minimize temperature S, 1 through 6, and D as a function of liquid helium level
dependent effects [18]. The device is mounted in a sam- via two-terminal ac measurements by temporarily re-
ple holder at the bottom of the sample probe. Thin wires placing the QHE device with electrical shorts at posi-
connect the device contact pads Bthrough 6, and D tions S, 1' through 6, and D. The inductance of the
to corresponding points on the sample holder. The sam-inner conductor lead of a typical ac QHE sample probe

ple holder is not explicitly shown, so points,Sl' is about 1x 10°® H. We assume that the bonding pad
through 6, and D in the figure can also be considered wires at the device are thick enough to not significantly
as part of the sample holder. vibrate in the magnetic field when ac currents flow

A coaxial lead extends from each liquid helium tem- through them [4], but (if necessary) the out-of-phase
perature point S 1' through 6, and D to corresponding  “inductance” generated by this resonant frequency vi-

room temperature access points S, 1 through 6, and Dbration [4] could be included in the lead inductances.
located outside the sample probe (but still within the ac  The eight coaxial leads, labeled S, 1 through 6, and D,
QHRS). The inner conductor of each coaxial cable has each have an inner and an outer conductor. The outer
a resistances, r; throughrs, or rp. This resistance in-  conductors of the coaxial leads will be connected to-
cludes the contact resistance to the 2DEG, the wire gether outside the sample probe to help satisfy the four-
resistance connecting a contact pad on the device to aterminal-pair measurement conditions. As mentioned
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earlier, the outer conductors of these leads act as electri-in Fig. 2, so these particular coaxial leads draw most of
cal shields, and are represented schematically as thickthe 90 out-of-phase current. Therefore the measured
lines in Fig. 2. Other outer conductors of the ac QHRS total capacitance-to-shield; is approximately\C(B) =
also contribute to the thick lines: for example, the C;+ C;+ Cs+ Cp + C,, and the value o€, can be ob-
shields around the QHE device and the sample holder. tained by subtracting the value @, + C;+Cs+ Cp
Large capacitances-to-shield, labeled &s, C; from C{(B). The magnetic field is reversed. Then
throughCs, and Cp, exist between the inner and outer C;(—B)=C,+C,+Cs+ Cs+ Cs when the applied
conductors of these eight coaxial leads. This large ca- voltage signal is placed across the inner and outer con-
pacitance is unavoidable, and is determined mainly by ductors at the Inner/Outer port, thus yielding the value
the sample probe length. However, the coaxial cable of C;. We expect bottC, andCs will be about 1 pF or
length outside the sample probe to the four coaxial four- smaller in the NIST sample probes, so b@HB) and
terminal-pair measurement ports labeled Inner/Outer, C+(—B) need to be measured to within at least 1 pF.
Detector, Potential, and Drive can be (and should be) In the second method of measuri@g and Cg, the
kept as short as possible. magnetic flux densityB is reduced to zero. The quan-
The open-circuit capacitances can be individually tum Hall voltages disappear, so the voltage generators in
measured at room temperature access points S, 1Fig. 2 canbe replaced in the equivalent circuit by electri-
through 6, and D as a function of liquid helium level by cal shorts. The QHE device can now be modeled as a
temporarily removing the QHE device from the sample two-dimensional sheet resistance, and®hé)/2 resis-
probe at the points'S1' through 6, and D. The capac- tances located at the source and drain ends of the QHE
itance-to-shield of each coaxial lead is about 250 pF in device are zero. Longitudinal resistancgs,, r., andrgy
typical ac QHE sample probes, but it should be reduced become much larger than they were when on a QHE
to nearer 100 pF (X 10" F) in a short sample probe plateau. Their values can be obtained by four-terminal
being designed at NIST. dc resistance measurements in a sample probe having a
A predominately 90 out-of-phase currentc,, Ic, pair of leads to the source and another pair of leads to
through Ic,, or lc, flows through each coaxial lead. the drain. TheR,(i)/2 resistances of the six QHE side
These currents, and all the other currents in Fig. 2, have arms in Fig. 2 are replaced by much smaller resistances
the correct signs for their dominant phase components whose values can be obtained from two-terminal mea-
in the half-cycle of the Drive current under consider- surements via room temperature access points S, 1
ation. The signs are verified in Sec. 6, where it is found through 6, and D once the appropriate lead and longitu-
that the major components of all currents shown in the dinal resistances are subtracted. An applied voltage sig-
figure have positive signs for this half-cycle. nal placed across the inner and outer conductors of the
The coaxial leads are not the only sources of capaci- Drive port would cause a voltage signal to appear across
tances-to-shield. There are also additional contributions the inner and outer conductors of all the capacitances-
between the QHE device—sample holder combination to-shield. Thus the total capacitance-to-shield is given
and the electrical shielding surrounding them. These by the algebraic expressiof;=Cs+ C,+C,+ C3+
additional capacitances-to-shield are labe&lkdand Cg Ci+Cs+Ce+Cp+Ca+Cs, wWhere Co=Cg if the
in Fig. 2, where they are placed at either end of the QHE QHE device, the sample holder, and the bonding wires
device. We will make these two capacitances as small asbetween them are all symmetrically arranged. We again
possible in the NIST sample probes by: (a) mounting the expect bothC, andCg will be about 1 pF or smaller in
QHE devices on electrically insulated surfaces; (b) us- the NIST sample probes.
ing electrically insulated sample holders; and (c) com-  The equivalent circuit of Fig. 2 also accounts for leak-
pletely surrounding the QHE device—sample holder age currents between the ac QHRS'’s inner conductors
combination with a cylindrically-shaped “pillbox” and the shields via resistanceg and ry, located on
shield located as far as possible from the QHE device either side of the QHE device. Rather large voltages are
and its holder. used when measuring leakage resistances, so it would be
The additional capacitanc€% andCg can be deter-  safest to temporarily replace the QHE device with
mined by two methods. In the first method the magnetic shorts when measuring the total open-circuit leakage
field is adjusted so the QHE device is on a QHE plateau. resistance, at access point S, 1 through 6, or D. If the
The external Drive and Inner/Outer coaxial leads are leakage resistances are symmetrically distributed, then
removed from the ac QHRS, and an applied voltage rg, = rg, = 2r.«. (Their values are large compared with
signal is placed across the inner and outer conductors ofthe lead resistances, so they are essentially connected in
the Drive port. A measured voltage signal appears parallel within the circuit.) The NIST sample probes
across the inner and outer conductors of coaxial leads S,will be constructed so these leakage resistances are very
D, 1, 3, and 5 for the magnetic field direction assumed large;ry, andry, should be at least 10Q, but in the
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numerical examples of this paper we will assume a and dc measurements of allry, re, andrq values on the

value of 102 Q) due to dirty coaxial connectors. same cool-down.
At bridge balance the ac quantized Hall voltage  Our analyses do not include this possibility of a pair
Vu(i) = Vu(5,6) =Vp is defined as of coaxial leads to the source and another pair to the
drain. It would take much work to explicitly include
Ve = Vi(5,6) = [1 + Ase] Ru(i ) l ot @) them in new calculations; however, we can account for
the presence of these two additional coaxial leads in the
where A5 is the correction factor t&®y(i) to be deter- analysis by including lead resistanegsndrg, and lead

mined in this analysis. Please recall from Sec. 4 that we inductance&., andLg in current path€, andCg of Fig.
assume thaR,(i) can be a function of temperature and 2, and adding two room temperature access points A
current, and can therefore differ from the ideal value and B. (The paths would be analogous to those through
h/(e%). Measured values o¥p vary with frequency capacitorsCs, C;, C,, Cs, Cy4, Cs, Cs, andCp). By mea-
[4-9], but it is not clear whether this is due to a fre- suring the lead resistancesandrg, and the lead induc-
quency dependence Bfi(i ), of Ase, or of bothRy(i) and tanced., andLg, the values o€, andCs in Fig. 2 could

Ase. Since our calculations of the intrinsic impedance of be replaced with

the 2DEG due to the internal Hall capacitance across the

QHE device [20] predict a negligible internal capaci- = Ca

tance of the 2DEG itself, we assume ti{i) is not Ca= [(1 — w?CaLa) + joCarlal (92)
frequency dependent, and that the dc values are appro-

priate for theRy(i)/2 resistances in the figure. (This and

assumption does not preclude adding a frequency de-

pendence to the measured dc valuesRgfi) if it is & Cs (9b)

found to be necessary.) " [(1 — 0’Cglg) + jwCarg]
The symbols,, ry, I, andry in Fig. 2 represent real
(in-phase) longitudinal resistances within the QHE The capacitance-to-shield contributions between the
device. Their measured dc values can vary with temper- QHE device—sample holder combination and the elec-
ature [18] and current [19]. Sample probes normally trical shielding surrounding them would no longer be
used in dc QHE measurements have ten leads, with aaccounted for, so one-tenth of these additional capaci-
pair of leads to the source contact padaSd another  tances would need to be added to each of the ten coaxial
pair to the drain contact pad' DOnly one lead of each  lead capacitanceSs, Cg, C; throughCs, Ca, andCp.
pair carries the current, so all four dc longitudinal resis- ~ With one exception [26], the reported ac longitudinal
tances,, 'y, I'e, andry can be obtained using four-termi-  resistances obtained from the real, in-phase components
nal dc measurements. of the ac longitudinal voltage measurements are signifi-
In order to reduce the heat load on the liquid helium, cantly larger than the dc longitudinal resistances in the
sample probes for the ac QHE usually have a single same device under the same temperature and magnetic
coaxial lead to each of the eight contact pads. Thereforefield conditions. The measured ac longitudinal resis-
only r, andr. can be determined directly via four-termi-  tances increase with increasing frequency of the applied
nal-pair ac measurements. For example, a four-terminal- current, and are of order 1¢hat 1592 Hz [4,5,11]. The
pair ac longitudinal resistance measurement, @ould large ac longitudinal voltages might be due to intrinsic
be made by moving the Potential coaxial port from frequency dependences of ry, r,, andrg within the
room temperature access point 5 to point 4 in Fig. 2, and device, to corrections such dss of Eq. (8) via parasitic

measuring the ac longitudinal voltay&(4,6) impedances of the QHRS, or to both of them. Calcula-
tions of the kinetic inductance of the 2DEG [20] and the
Vy(4,6) = [1 +Asrclor, (8) magnetic inductance of the device [20] provide no plau-

sible explanations via intrinsic impedance for significant
whereAy is the correction factor to, to be determined  frequency dependences Kf ry, re, andrg, suggesting
in this analysis. Values far, andry could be estimated  that the frequency dependence of the ac longitudinal
from their dcr,/r, andrg/r. ratios if the measured,/r. resistance is due to parasitic impedances of the ac
ratio happens to be the same for both ac and dc measureQHRS, and therefore arises from correction factors such
ments using the same sample probe during the sameas A4 We will use numerical calculation examples in
cool-down. We are now considering using a pair of this paper that assume either: (a) dc values fo, re,
coaxial leads to the source contact paca®d another  andrg; or (b) the worst-case scenario in which they are
pair of coaxial leads to the drain contact padil at frequency dependent and have Qmalues at 1592 Hz.
least one NIST ac sample probe. That would allow ac
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All the circuit components described so far were in- capacitances across the devite, Cz4, andCse have
cluded in the analyses of Ref. [16]. We now discuss the the contributions (a), (b), and (¢) mentioned two para-
wire-to-wire capacitances shown in Fig. 2 and labeled as graphs above, but they also have contributions from the
C:2, Cop, Csp, €etc. Primes are used in these labels intrinsic capacitance of the 2DEG. We predicted that
because the capacitors are located in the QHE devicethis internal Hall capacitance was negligible [20], but its
and sample holder region of the circuit nedr, & actual contribution can be measured by observing any
through 6, and D. We place them there because the increase inCy», Czs, Or Cse values when the Drive
outer conductors of the coaxial shields should com- currently, is turned on.
pletely surround the inner conductors elsewhere in the  The capacitances, inductances, lead resistances, con-
circuit, and thus yield negligible contributions to the tact resistances, and leakage resistances of Fig. 2 con-
wire-to-wire capacitances. tribute parasitic impedances to measurements of the ac

The circuit is complicated enough, so only those QHRS. They are drawn as discrete circuit elements. In
wire-to-wire capacitors that have quantum Hall voltages reality they are distributed within the standard, and
on one side of the capacitors and ground potentials on could, in principle, be better represented. For example,
the other side are shown in the figure because thosewe could replace capacitance-to-shi€ldwith a capac-
capacitors draw the largest out-of-phase currents. We itor of valueC,/2, then place a second capacitor of value
therefore exclude capacitances suchCas, Csr, and Ci/2 and a series-connected outer shield impedace
Crp that essentially have quantum Hall voltages on both between the other side of circuit elementat point 1
sides of the capacitors, and capacitances sucb,as and the firstCy/2 capacitor. This distributed series-par-
Cess, andCse that essentially have ground potentials on allel impedance would, however, greatly complicate the
both sides. circuit analyses, with an insignificant gain in accuracy.

Each wire-to-wire capacitance has contributions (Our discrete-elements circuit slightly over-emphasizes
from: (a) metallic contact pads on the QHE device; (b) the capacitance-to-shield currentszif= z' and gives
wires connecting those contact pads to points on the the same capacitance-to-shield currents # z,.)
sample holder (and to any intermediate bonding pads); This completes the description of the equivalent cir-
and (c) metallic surfaces within the sample holder if cuit. The next section analyzes the circuit.
those surfaces are not surrounded by coaxial shields.

The wire-to-wire capacitance values depend on dis-

tances between the pairs of wires, conducting surfaces,6. Analysis of the Single-Series “Offset”

or bonding pads, so we will try to physically separate Circuit

them as much as possible. These capacitances will each

have different values in the algebraic solutions since We refer to the circuit in Fig. 2 as single-series
Css > Cs3 > Cs1 > Csp andCyp > Cyp > Coy because  “offset”: single-seriedbecause there is jushe current

of increasing physical separations, but (for simplicity) lead connected to the source contact pa&ad justone

we will assign equal values to them in the numerical current lead connected to the drain padobthe QHE
examples. These equal values will usually be assigneddevice; and tffset’ because the Hall voltage leads are
0.1 pF in the calculations, exceeding the maximum val- connected to arms 5 and 6 of the device, rather than to
ues expected in NIST sample probes. the central arms 3 and 4. Arms 5 and 6 are those closest

Some laboratories have tried reducing the wire-to- to the source contact pad,Svhich is at a potential near
wire capacitances by using evaporated metallic guard that of the circuit ground. Arms 5 and 6 are also nearest
electrodes on the device mounting surfaces to isolate theto the ac reference resistor (not shown in the figure).
guantum Hall voltages from the ground potentials.  This single-seriesdffset’ circuit is considered here
These guard electrodes have very little effect since the because only it, and the quadruple-series circuit investi-
dielectric constant is about 13 times greater in GaAs gated in Sec. 7, provided the desired accuracy in earlier
than in liquid helium; the electric field lines are thus stages of the analysis [13,16] with all sample probe
concentrated within the device and are not significantly leads attached. Other circuit connection possibilities had
blocked by the surface guard electrodes. been eliminated in Refs. [13] and [16] due to undesir-

The individual wire-to-wire capacitance values can able parasitic impedance effects.
be obtained by (1) adjusting the magnetic flux density
B so that the allowed states of the Landau levels are 6.1 Exact Single-Series “Offset” Equations
completely filled and the QHE device is operating on a
plateau; (2) removing the applied Drive current; and (3)  We use Kirchoff's rules to sum the voltages around
making two-terminal ac measurements at room temper- loops and the currents at branch points to obtain exact
ature access ports S, 1 through 6, and D. The Hall algebraic equations for the equivalent electrical circuit
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shown in Fig. 2. Four of the current solutions are trivial Liberal use was made of algebraic substitutions such as
because of the four-terminal-pair definition [23,24] A; andA;of Eq. (12c). This added to the “bookkeeping”
listed in Sec. 5 problems, but reduced the possibilities for algebraic er-
rors as the equations were uncoupled.

The 34 branch and loop equations contained 35 cou-
pled currents. The two authors used different strategies
Those four currents are not included in the 35 inner to “decouple” these 34 initial equations and thereby
conductor currents shown in the figure since they are derive the results; (b) they then independently used
assumed to be zero in the ideal four-terminal-pair defi- Mathcad PLUS 6 (Professional Edition for Macintosh
nition. (They can be adjusted to be zero within several computers)software to enter their own algebraic substi-
parts in 18 of lo in NIST bridges.) The remaining tutions and their own current equations, and then com-
circuit has 21 independent voltage loop equations and 13pared numerical results with the other author. The nu-
independent current branch points. This gives a set of 34 merical results for the currents were in exact agreement
coupled equations for the 35 non-zero currents. Our goal to within at least six significant figures when using the
is to simultaneously solve this set of 34 coupled equa- highest allowed precision of the Mathcad software when
tions, and to then express all the currents, and the quan-the values were expressed in the scientific notation
tum Hall voltage, in terms ofo, because that is the 1.23456X 107 (c) the third author took the two initial
current which enters the ac reference standard (notsets of 34 coupled current equations derived by the other
shown in Fig. 2). two authors, entered the equations in matrix form into

0. (10)

|D[ = IPI: IC5: IZGZ

Finding the exact algebraic equations for all the cur-
rents, and for the correction factdss to the quantum
Hall voltage as defined by Eq. (7), is difficult because
of the many coupled equations. However, it is important

the Mathcad software, and for particular numerical ex-
amples, inverted the matrices to solve for the currents.
This method for solving the coupled equations is faster,
but less reliable, than solving the equations “by hand”,

to obtain theexactsolutions, rather than initially guess since round-off errors can go undetected. However, most
approximate solutions, because the frequency-depen-results agreed with the numerical results of the other
dent effects we are trying to minimize or eliminate are two authors to within four to six significant figures. The
small, but significant. largest difference from the exact solutions discussed

The algebraic derivations were done “by hand”, rather below was only a 1 part in 10 discrepancy in the
than with computer software programs. Doing it “by out-of-phase (imaginary) term &f;; and finally (d) the
hand” allowed us to investigate each stage of the solu- exact algebraic solutions discussed below were then
tion, and to get a physical sense of the equations. Com-checked at least twice by all three authors, so we are
puter software programs generated pages of equationsyeasonably confident of the equations.
with no simplification and no physical insight. Com- In the exact solutions discussed here, all 35 coupled
puter programs were, however, used to calculate numer-currents in the 34 initial equations were expressed in
ical examples. terms of the “core” currentky, lcg s, lcg, Lo ley 1oy Lo

The following procedures were used to find the exact Ic,, andlp. These “core” currents were then successively
solutions: (a) two of the authors independently derived substituted into the remaining equations to obtain the
the equations. They made the same choices of currentequation
branch points, but different choices of paths for the
independent voltage loops and the substitutions of alge-
braic variables. A current branch point example is

Is=kslot, (13)
which looks “simple”, except that the substitution vari-
ableks is a function of 203 other algebraic substitutions.
The remaining currents were easily obtained once Eg.
(13) was solved. As mentioned above, the numerical
results agree with the results of the other exact solution
to within six significant figures, and also agree very well

11)

ICS: Ior - Is.

A voltage loop example around the pdih S', Cg, and
back through the shield tGs is

1 with the matrix inversion.

——— e+ Zsls++—=1c, =0 12a
(UCS Cs S'S J(,L)CB Ce ( )

C ! Certain commercial equipment, instruments, or materials are identi-

Iy = =B leg — jowCgzsls (12b) fied in this paper to foster understanding. Such identification does not

Cs imply recommendation or endorsement by the National Institute of

Standards and Techlogy, nor does it imply that the materials or
leg = Arles — Asls. (12¢c) equipment identified are necessarily the best available for the purpose.
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In addition, the exact solution results agree with the  Cy» = Cs4 = Cse = Csp = Cs1 = Cs3 = Cs5 = Copy
numerical results listed in Egs. (20) and (21) of Ref.
[16] to within at least six significant figures. The calcu- =Cyp=Cep=10"F (149)
lations of Ref. [16] did not include wire-to-wire capaci-
tances. (Some of the algebraic substitutions of the Ls=L;=l,=Ls=Ls=Ls=Ls=Lp=10°H (14h)
present work approach infinity as the wire-to-wire ca-
pacitances approach zero, so a limiting value o418 =10 rad/s. (141)
was assigned to each wire-to-wire capacitance to avoid
this problem. The 10° F value was chosen because Note that the 100 pF capacitances-to-shield values of
there were no differences in the numerical results when Eqg. (14e) may be close to those that will be obtained
the wire-to-wire capacitances were within the range in the short NIST sample probe, but typical ac probes
10 Fto 10%F) have values around 250 pF. Note also tl@&s >

The exact equations for the currents and the quantum Cs3 > Csy > Cspy andCyy > Cyp > Gy in real sample
Hall voltage were published in our earlier analyses probes because of increasing physical separations be-
[13,16]. That is not feasible here because: (a) the tween corresponding pairs of inner conducting surfaces.
chances for error are too numerous; and (b) there are so Using these cardinal numbers, and grouping similar
many algebraic substitutions that the final answers con- types of currents, the numerical results for the currents
vey no physical insight. Instead, we: (1) present numer- shown in Fig. 2 are
ical examples of the currents and quantum Hall voltage

in Sec. 6.2; (2) list the approximate equations for the Is={[1.00000] — j[1.0 X 10 %]} I (15a)

currents and quantum Hall voltage in Sec. 6.3; and (3)

can supply the reader with a 30 page computer printout lg={[1.00000] — j[4.1 X 107} I (15b)

which lists the 204 algebraic substitutions, the exact

current and quantum Hall voltage equations, the approx- I ={[1.00000] + j[0.00996]} o (15¢)

imate equations, and numerical calculations for a partic-

ular set circuit component values of the reader’s choice. I, = {[0.99990] + j[0.01996]} o (15d)

6.2 Numerical Examples l,={[0.99970] + j[0.02996]} ot (15e)
We give here numerical examples of how the parasitic I ={[0.99970] + j[0.03010]}c: (15f)

impedances within the ac QHRS affect the currents and

the measured values ®,(5,6). Cardinal numbers are Ior = {[0.99940] + j[0.04010]} o (159)

usually assigned to the circuit element components of
Fig. 2 in the examples to emphasize that the results I, ={—[2.0 X 107" +j[2.0 X 10} Iox  (15h)
presented below are not intended as calculations for a

particular sample probe. We will measure the actual Ik, = {[1.0 X 108 +j[3.0 X 10 9} I (15i0)
values of all the parasitic impedance components of our
sample probes as a function of liquid helium level. le, ={—[20X 1079 —jl2.0 X 10"} Ior  (15j)

Both thei =2 (12 906.4Q) andi =4 (6 453.2Q))
plateaus can be measured in ac experiments, so let  Ic, ={—[3.0X 109 +j[1.0 X 10 “[}lox  (15Kk)
Ry =10 000Q). The cardinal values we usually use in

the examples are lee={—[2.1X 107 +j[1.0 X 10 P} e (15I)
R,=10'Q (14a) l, ={~[20X 107 —j[1.OX 10 [} lo  (15m)
FS=F1=r=r3=r4=r5=rg=rp=10 (14b) le,={—[4.0X107"] —j[1.0X 10 ]} lox  (15n)
ra=r,=r.=rq=10°%0Q (14c) lc, ={[6.2 X 107"] +j[0.01000]} o (150)

Mk, =g = 102 Q) (14d) le,={—[1.0 X 104 +[0.01000}Ho;  (15p)
Cs=C1=C,=C;=C,=Cs=Cs=Cp = 10° F (14e) le,={—[2.0 X 10 +j[0.01000}o;  (15)
Ca=Cs=102F (14f) ley = {—[3.0 X 107 +[0.01000]}o,  (15r)
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le ={—[3.0X 107] +j[2.0 X 107} I (15s) The numerical results are

l; ={—[2.0X 10 "] +j[2.0 X 1075} I (15t) Vu(5,6) ={1 +[1.1X 107 — j[6.2 X 107} Rylor
(18a)
I, ={—[1.0X 10 "] +j[2.0 X 107} I, (15u)
Ass={[1.1 X 10 —j[6.2 X 107} (18b)
Is ={[6.2 X 1077] +j[0.01002]} o (15v)
for 100 pF lead capacitances and
Iz ={—[1.0 X 1074 +j[0.01002]} o (15w)
Ass={[2.8 X 107 — j[6.5 X 107°]} (19)
I ={—[2.0 X 104 +j[0.01002]} o (15x)
for 250 pF coaxial leads.
legy ={—[3.0X 10 1 +j[1.0 X 10 ]} oy (15Y) The 1.1X 10 ®in-phasedss correction toRy for 100
pF leads is nearly two orders of magnitude larger than
le,p ={—[3.0X 101 +j[1.0 X 10} Iy  (152) the 2.0x 1078 in-phase correction predicted in Ref.
[16], which neglected the wire-to-wire capacitance ef-
le,p ={—[3.0X 101 +j[1.0 X 10 )} Iy  (16a) fects. When the wire-to-wire capacitances are all re-
duced to 1xX 10 ** F, the in-phase and out-of-phase
lees ={[4.1 X 1019 +j[1.0 X 10 °]} loy  (16b) corrections are

loey = {—[1.0X 107 +j[1.0 X 10} lo,  (16c) Ass={[1.3 X 107 —j[8.0X 10}  (20a)
log, ={—[2.0X 107 +j[1.0 X 10} lo, (16d)  and
legy ={—[3.0X 10 7] +j[1.0 X 10} lo,  (16€) Ass={[3.3 X107 —jlL.1 X 10}  (20b)

lege ={[6.1 X 109 +j[1.0 X 10 ]} loy ~ (16f) for 100 pF and 250 pF coaxial leads, respectively.
The in-phase corrections th in these examples are
les, ={—[1L.0OX 101 +j[1.0 X 10} oy  (16Q) far greater than our desiredX 10 R, absolute one-
standard-deviation accuracy, making the single-series
le,, ={—[2.0X 1071 +j[1.0 X 10} lo.  (16h) “offset” circuit uselesgor ac quantum Hall voltage mea-
surements. However, we will see in Sec. 6.4 that this
The 90 out-of-phase (imaginary or j) components of circuit canbe used for ac longitudinal voltage measure-
shunt currentsc,, lc,, Ic,, Iy, andlc, are much larger  ments. We next give the approximate solutions for the
than for shunt currentis,,, Ic,, lc,, andlc, because con-  currents and the quantum Hall voltage to show the
tact pads § 3, 1', and D are all near the quantum Hall ~ source of this in-phase problem.
potential, rather than near the shield potential. A 1 %
out-of-phase current passes through each of the coaxial6.3 Approximate Single-Series “Offset” Solutions
cable capacitanceSs, C;, C;, andCy, in this example,
which is not necessarily a problem if there is enough  The terms in the following approximate solutions
adjustment in the bridge Drive to provide this extra 4 % were obtained in a tedious, weeks-long process by
of out-of-phase current tt,. changing the individual values of circuit element com-
The exact equation for the quantum Hall voltage is ponents by an order of magnitude in the computer pro-
obtained by summing the voltages between the inner gram; observing the calculated results; and then finding,
conductors of the Detector coaxial port and the Potential by “educated guesses” and “trial-and-error”, algebraic
coaxial port. Taking the path through arm 6, voltage expressions that duplicate these results. The approxi-

generatord/ss andVss, and arm 5 we find that mate solutions yield results that agree to within at least
two significant figures for both the real and imaginary
Vu(5,6) =Ruld — Rule — zlc,, (17a) parts of the exact numerical results listed in Egs. (15) to
(16) and Egs. (18) to (20).
which can also be expressed in the form All the terms in the approximate equations were
found to be necessary for the particular sets of circuit
Vu(5,6) = [1 +Asg] Ryl .- (17b) components values tried so far, but other terms may
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very well need to be added to these approximate equa- less = lese, =

tions if the circuit components have values significantly

different from the cardinal numbers listed in Eq. (14). {[©”Css(Csp + Cs1 + Csz + Css + Cop + Css)RuRi]
The reader should again be cautioned that it isetkeect

, . .
equations that are the most reliable, not the approximate Hw CsCos Rure] + jl@Cs6 Rul} lox (22i)
equations. However, the approximate solutions provide lo=le =l +] o (22))
physical insight into the sources of error in quantum %7 WaT G, T IG5, T Cs6a !
HaLIIe\t/oItage measurements. lo=lg, =g+ 15, — ls, (22K)

ICG'D'ZICG'D'azlela_ ICS’G'a (22|)

Cxx =Csp + Cs1 + Cs3 + Cs5 + Cop + Cyp + Copr

|04 = IC4a = {[ (1)2C4C4(RH + r4) e — w2C4C5RHI’c]

+ Cyz + Cay + Cog. (21)
+ [0’CsCyrsfc — @’Cy(Cap + Caa)RuR]
Then

+j[wCarc — @3Cs(Cy + C3)CapRiRuR} ot (22M)

~ — 2 _ 2
ICs ICSa {[ w0 CLCsrsfs — w*Csls Iy = |4'a - _ |C4a + { _[wZ(Cl +Ca+ Cs)C4'D'RHRH

— 12 - .

@ ColCoo + Coo)RuRi] + 0?*CsCa4RyRu] + [0°Ca4 (Cxx — Css — Cse)RuR]

+j[wCs(rs+ g — wC<C+g—+C>r]}I (22a) +[@(Cao + Car)Rel} o (22n)
|c3 = |c3a = { —[w2C3C5RH RH]

+ [0°C4(Csp + Csy + Csz + Cop )RaRi]

|5 = |3a = {1 — j[wCs(rs + rd)]} |Ot (22b)

leg = |cBa ={l @?CgCalslq — C'JZCB(CGD' + Css)RuRy]

+ j[wCsRu]} ot (220)
+[wCqlg — wCg(Cy + C3 + Cs)Corr I
JlwCslq — w’Cs(Cy + Cs + Cs5)Cop RiRiR]} Lot leay = log, = {—[©°CsCssRuR]
(22c) a
r R, + [0*Cs3(Csp + Cs1 + Csz)RuR]
lkg = IKBa = {|:r—d — wZ(Cl + C;3 + C5)Cop RiRH r_:| .
@ e +j[wCszRul} lot (22p)
_j |:wc3r5rr7d - w(CG‘D' + CS'G‘)RH %]}'m (22d) |C3'4' = |C3-4‘a = { _[w2C503'4'RHRH]
B B
+[w2C3'4' (Csp + Cs1 + Cs3 + Cop + Cpp + Caz)RiRH]
|d=|da=|0t— ICSa_ IcBa )
+ j[0CaaRu]} ot (22q)
—{j[ w(Csp + Cs1 + Csz + Css I 22e
UG Corr ConlRillon - (22€) le = 1o, = oy, + legs, + oz, 221)
loss = loss, = {{@*Cs5(Csp + Cs1 + Css + Css)RuR] o= o, = lor+log + lc (22s)
a 5, 3a
Ho'CCasRurd +jl@Cos Rl lo (221) le, = I, = { —[@’Cx(Csp + Cop + Cr2 + Cas)RuRA]
lo = Iela - { _[wz(cl *Gst CS)CGID' RHRH] - [w2C2C3RHrb - w2C2C4RHrc - wZCZCS‘S'RHrc]
+[@°Cs6(Cso + Cs1+ Csa + Css + Con + Csg )RuR] + [0?Co(Cz — Co)Ru(Iy + I'e) + w?CaCalar ]
H{(Csor + Co )R} on (229) + [0?CCorery + 1] + [l 0Colr + 1)
les = ls, = {[ @°CsCsRars + w°CsCs Rurs] — j[@°CCo(Cav + Coo + Crz + Cau )RuRuR]
H 3,
+[w?Cs(Csp + Cs1 + Csz + Css + Cop + Csg )RuRA] *i[0"CC + Ca)CasRiRiR]
— j[03CoCsCop RuRARA]} ot (221)

+[wCsRu} o (22h)
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lz=ly, =~ |Cza+{—[w2(C1 + G+ Cs)CopRyRY]

_[wz(Ca + C5)CrzRiRy]

+j[w(Cop + Cr2)Ru} ot (22u)
le, = e, ={ —[w?Cy(Cs + Cs)RyRy] + j[ C1R [} o

(22v)
lesy=lcs 1‘3:{ —[0°Cs1(Cs+ Cs)RyRy] +j[ @CsyRul} ot
(22w)
|C1'2' = |C1'2'a: { _[wzcl‘Z' (C3+ CS)RH RH] +J[ wCrz‘ RH]} IOt
(22x)
Il'::Il'a:|C1a+IC:::ra-'-ICrza (22y)
Iazl%:|0t+lcsa+lc3a+lcla (222)

leyy = lesp, = { ~[0’Cap (C1+ Cs + C)RyRY]
+j[oCapRi]} ot (23a)
leyo = leyo, = { ~[©%Cop (Ci+ Ca + Cs)R4RY]
+jloCooRA]} ot (23b)
lesp = lesy, = { —[@?Csp (C1 + Cs + Co)R4Ry]

+j[0CspRa} ot (23c¢)
lp = ko, = {[%\]H’[w(cﬁ Cs+Co)Ry %]}lm (23d)

le, = Iy, = { —[@?Ca(C1 + Cs + CORuR]

+ jlwCaR]}H ot (23e)
lp=Ip,=lot+lcg, + ey +lcy, *lc,, (23f)
le = lep, = { ~[@°Co(Cy + Cs + Cs)RuR]

+ j[wCoR]}H ot (239)

lor = lpr, = lot + leg, + loy, +le, +lc,, + 1oy, (23h)
Expressing Eqg. (17a) in the form (17b),
Asg= Asg, =
{ —[w?CsCsRurc + @?CsCsfsf's + @CsCslsl's)

- [w2C5C5r5r5 - (,UZCSLS - w2C5L5]

+ [0?Co(Cop + Csg)RuR]
+ [w?Cy(Csp + Cop)RuR]
+[0°C4(Csp + Cs1 + Cop )RuRi]
+ [0°Ce(Csp + Cs1 + Cs3 + Con )RuRH]
— jlwCsrs+ wCsrs + wCq(rc + rg)]
— jlo(Csp + Csy + Csz + Css + Cop + Css )Ru]}. (24)

It would have been very difficult to predict some of
these approximate current and voltage solutions without
first knowing the exact results. We see from Eq. (24)
that the main source of the intolerably large in-phase
corrections to the quantum Hall voltage signal arises
from terms involving the products of capacitances-to-
shield times wire-to-wire capacitances.

Although it is disappointing that single-series “offset”
connections cannot be used to make ac quantum Hall
voltage measurements, we see in the next subsection that
the circuit analysis remains applicable for ac longitudi-
nal voltage measurements, and that this circait be
used for ac longitudinal voltage measurements.

6.4 AC Longitudinal Voltage Measurements

The Potential port shown in Fig. 3 has been moved
from room temperature access point 5 in Fig. 2 to room
temperature access point 2. Now the ac longitudinal
voltageV,(2,6) is measured, rather than the ac quantum
Hall voltage V4(5,6). Also, the ac longitudinal voltage
V,(4,6) can be measured by simply moving the Potential
port from access point 2 in Fig. 3 to point 4.

Notice that the four-terminal-pair definitions given in
Sec. 5 still apply sincép;=0 andly =0 for both the
V,(2,6) andV,(4,6) measurements. The equivalent cir-
cuit element currents in Fig. 3 atidentical to those
shown in Fig. 2. Therefore, the exact currents derived in
Sec. 6.1; the numerical values listed in Sec. 6.2; and the
approximate currents given by Egs. (22) and (23) in Sec.
6.3 remain unchanged.

The exact equation for the ac longitudinal voltage
V,(4,6) is obtained by summing the voltages between
the inner conductors of the Detector coaxial port and the
Potential coaxial port. Taking the path through arm 6,
voltage generator¥s. and V.4, and arm 4 we find that

Vi(4,6) =rele + Ryls — zile,, (25a)
which can also be expressed in the form

Vy(4,6) = [1 +Agg]rclor. (25b)
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AAAA.

Potential

Fig. 3. An equivalent electrical circuit representation of an ac QHE resistance standard while being measured for the longitudinsl (ixge
using four-terminal-pair techniques. See Sec. 6.4 for the circuit analysis.

Equation (25b) can be rewritten as re
q (25b) Sas = R Ass. (25e)
Vi(4,6) — rclot = Assfclor = asRulor. (25¢)
Likewise,
Thus
Vi(2,6) =relc + plp + Ruls + Ruylz — z2lc,,  (264)
_[V(4,6) — relof
Aue = relot ’ (25d) which can be expressed in the form
and Vy(2,6) = [1 +Agg](rc + rp)lox- (26b)
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Equation (26b) can be rewritten as value of r, for 250 pF leads is too large to apply a
reasonable correction. This error is reduced to a more
Vy(2,6) — (rc + rp)lor = Aze(re + rp)lot = 826Rulor. (26C) tolerable— 2r.in-phase error with shorter, 100 pF, sam-
ple probes. Furthermore, the error signal in Eq. (27b) is
Thus reduced by a factor of ten tal,={—[0.19988] +
j[19.9990]} when the wire-to-wire capacitances are
A, = Vx(2.6) = (re + 1)lo] lowered from our assumed 18 F values to 10 F
26 = , (26d) ; . :
(re + ro)lo values. It is thus very important to reduce the capaci-
tances-to-shield and the wire-to-wire capacitances as
and much as possible when making ac longitudinal voltage
measurements.
The numerical examples in Egs. (27) through (30)
have assumed 1éhac longitudinal resistance values for
ra o, e, @andrg. Equations (27b) and (27c) become

Oz = % Ass. (26e)

The numerical results of Eq. (25), when using the cardi-

nal values listed in Eq. (14), are Ags={—[0.20000] + j[20.0000]} (31a)
V,(4,6) = {1 — [1.99160] +j[199.990JFclor  (273) Ss={—[2.0X 107 +j[2.0 X 1079} (31b)
Ay ={—[1.99160] + j[199.990]} (27b) for 100 pF leads and 10 éhlongitudinal ac resistances
and

Ss={—[2.0X 1071 +j[2.0 X 1079} (27¢)
Ass={—[20.0000] + j[2000.00]} (32a)
for 100 pF lead capacitances and
Ss={—[2.0X 107 +j[2.0 X 1079} (32b)
Age={—[4.99103] +j[199.938]} (28a)

for 100 pF leads and 0.1 éhlongitudinal resistances.
Ss={—[5.0xX 1077 +j[2.0 X 1079} (28Db) Equations (27b), (31a), and (32a) demonstrate that the

contributions from the parasitic impedances to the in-

for 250 pF coaxial leads. phase components of the ac longitudinal resistance er-
The numerical results of Eq. (26), when using the rors, Asr., remain unchanged when the values of,
cardinal values listed in Eq. (14), are r., andrq vary. Equations (27c), (31b), and (32b) demon-

strate that the ac longitudinal resistance errdig,
Vi (2,6) ={1 — [1.49070] +j[199.990]}. + rp) l o (29a) (which are expressed as fractions of the quantized Hall
resistancdry) areindependenof the values of, ry, re,
Aze={—[1.49070] + j[199.990]} (29b) andrg.
There are very large out-of-phase errors for all the
S6={—[3.0X 1077] +j[4.0 X 1079} (29c) examples given by Egs. (27) through (32). We will see
from the approximate equations listed below in Egs. (33)

for 100 pF lead capacitances and and (34) that these out-of-phase errors, as well as the
in-phase errors, arise from the parasitic impedances.
Ay ={—[3.74112] +j[199.938]} (30a) The out-of-phase component of the ac longitudinal

voltage signal, such as the {j[199.990]}.: term of Eq.
S6={—[7.5%X 10" +j[4.0 X 1079} (30b) (27a), is nulled with bridge balances. That is normally
not a problem because impedance standards usually

for 250 pF coaxial leads. have small capacitive components if they are ac resis-
We see from Egs. (27b) and (28a) that the measuredtors, or small resistances if they are capacitors. However,
ac values o¥/,(4,6) have in-phase errors ef 2rl o, for ac quantized Hall resistance standards have large out-of-

100 pF leads and 5r. 1o for 250 pF leads. These errors  phase components of the ac longitudinal voltage signal
are due to the parasitic impedances. The correspondingdue to the parasitic impedances. For example, the out-
errors forV,(2,6) measurements are 1.49¢. + ry)lo of-phase signal term is {j[2.&X 10°]} Rslo: in Eq.

and — 3.74¢. + ry)lo in Egs. (29b) and (30a), respec- (27c) when expressed as a fractionRyf Balances in
tively. The — 5r. in-phase error in measuring the ac NIST high precision ac bridges are capable of providing
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out-of-phase adjustment signals as large as B * inary parts of the exact numerical results listed in Eqs.
Ruloy, SO the bridges can easily null this out-of-phase (27) to (32). All the terms in the approximate correc-
signal, but the following error can occur. The compo- tions were found to be necessary for the particular sets
nents used in the bridge balances to null the out-of- of circuit components values tried so far, but other terms
phase component of the ac longitudinal voltage signal may need to be added to these approximate corrections

have resistive, in-phase (phase defect) contributions, soif the circuit components have values significantly dif-
when we inject an out-of phase signal to null the out-of- ferent from the cardinal numbers listed in Eq. (14). The
phase ac longitudinal voltage signal we inadvertently reader should again be cautioned that it is &xact
also inject a small, real, in-phase component. The in- equations given by Egs. (25) and (26) that are the most
phase (phase defect) balance signal is unintentionally reliable, not the approximate equations. However, the
addedto the real in-phase component of the ac longitu- approximate equations provide physical insight into the
dinal voltage signal. Therefore, the bridge must be care- sources of error in ac longitudinal voltage measure-
fully calibrated so that we know precisely how much ments.

in-phase signal has been inadvertently injected, and can The approximate corrections to the ac longitudinal

apply corrections for this injected signal.

voltage are expressed as fractions of the quantized Hall

An uncorrected phase defect error in the measured resistancé&. They can also be expressed in terms of the

longitudinal voltage has Enear frequency dependence

longitudinal resistances, or (r.+r,) by multiplying

in NIST four-terminal-pair bridges. This error may be a each term in Eq. (33) by the quantiBy/r., and each
possible source of the linear frequency dependences ofterm in Eq. (34) by the quantitiri/(r. + r,). The ap-
the ac longitudinal voltages reported by other laborato- proximate corrections to the ac longitudinal voltages are

ries.

The ac longitudinal voltage can also be measured by
not nulling the in-phase and the large out-of-phase
voltage signals at the lock-in detector, and instead cali-
brating the detector linearity and then using the direct
(unbalanced) in-phase and out-of-phase detector read-
ings. The lock-in detector would require separate sensi-
tivity ranges for the in-phase and the out-of-phase com-
ponents of the voltage signal since these components
differ by two orders of magnitude in our numerical
examples. This direct reading method would be a useful
check of the ac longitudinal voltage measurements
made by balancing the bridge and nulling the lock-in
detector.

These difficult problems of measuring the ac longitu-
dinal voltages and then correcting for parasitic
impedance contributions and bridge balance effects or
lock-in detector nonlinearities disappear if it can ulti-

846 = 846 = { —[w’CuCa(Riy + 1)) rc — @’CyCsRurd

- [Q)ZCS(C4 - C5)rsrc - w2C4C5r4I’C - w2C5C5r5rc]

- [w2C4C4<RH * r2>r4rc + wZCSCS(5>rSrC]

R4 Ry
- [wZC c <E>r Fe — @?Csl (r—>]
sta\R, T4l sbs\ R,
- [wz(cl + C3)CrrRuRY]
- ]|:w(C4 - CS) re+ WCS<I’SF:Hrd>rc + CUC4<£_R:>rc]

+j[0(Cop + Cax )R]} (33)

mately be experimentally shown that there are no intrin- and

sic frequency dependences of the QHE devices them-
selves. Then dc values of ry, r, andrgq can be assigned

to Fig. 3, and to the exact current and longitudinal
voltage equations, by using dc measurements under the
same sample temperature conditions as in the ac mea-
surements, and during the same cool-down.

The terms in the following approximate corrections to
the ac longitudinal voltage were again obtained by
changing the individual values of circuit element com-
ponents by an order of magnitude in the computer soft-
ware; observing the calculated results; and then finding,
by “educated guesses” and “trial-and-error”, algebraic
expressions that duplicate these results. The approxi-
mate corrections yield results that agree to within at
least two significant figures for both the real and imag-
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826 = 826, = { —[@?C4Ca(Ru + rg)rc — 0’CiCsRur ]
— [@?CsCaRure — 0?Cs(Cs — Co)Rury]

— [0°CAC; — Co)Ry(Irc + I'p) + @°C3Carr ]

— [0?CsCursrc — w?CsCsls(rc + I'y)]

+ [w?CsCsl's(rc + I'y) — w2 CColo(rc + 1y)]

- |:(1)2C5C3<£_Ri>rs(rc+ I’b) - Q)ZCsLs(rC%-—'rb)]

— [w?Cy(Crp + Cap)RuRA]
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+ [w?Cy(Cop + Cyp + Cra + Cag )RyRY] exact algebraic equations for the equivalent electrical
circuit shown in Fig. 4. Eight of the current solutions are
— [0?C4(Cyp + Cyp + Cr2)R4RH] trivial because of the four-terminal-pair definition

[23,24] listed in Sec. 5
+ [0?Cy(Csp + Ca4)RiRH]
IDI:IPtZICSZICm:ICz:IC4:|05:|I'D(:0- (35)
- [a)ZCs(CzD' + Cyp + Crz + Ca4)RyRY]
Those eight currents are not included in the 46 inner

— [wCy(rc + 1) — wCslp + wCyr — wCs(rc + rp)] conductor currents shown in the figure since they are
zero in the ideal four-terminal-pair definition. (They can
. Is Tq be adjusted to be zero within several parts ifl 40,
J[wCS<RH>(r° )+ wC5<RH>(rC * rb)] in NIST bridges.) The remaining circuit has 27 indepen-

dent voltage loop equations and 18 independent current
B '[wC <2>(r i )] branch points. This gives a set of 45 coupled equations
J ARy Ve P for the 46 non-zero currents. Our goal, once again, is to
simultaneously solve this set of 45 coupled equations,
+j[w(Cop + Cyp + Crz + Cag )R]} (34) and to then express all the currents, and the quantum
Hall voltage, in terms ofq, because that is the current
We see from Egs. (33) and (34) that the main sources of which enters the ac reference standard (not shown in
the in-phase corrections to the ac longitudinal voltage Fig. 4).
signal arise from terms involving the products of capac- At bridge balance, the measured ac quantized Hall
itances-to-shield times wire-to-wire capacitances. The voltage for this circuit is defined as
main sources of the large out-of-phase corrections to the
ac longitudinal voltage signal arise from terms involving Ve = Vu(Y,Z) — redcy, (36)
the wire-to-wire capacitances.
The voltageVu(Y,Z) between room temperature access
points Y and Z can be expressed as
7. Analysis of the Quadruple-Series
CII‘CUI'[ VH(Y,Z) = [1 + Ayz] RH(i)Io“ (37)

Figure 4 shows an equivalent electrical circuit repre- whereAy; is the correction factor to the intrinsic quan-
sentation of an ac QHRS using twuadruple-series  tized Hall resistance of the QHE devicBy(i). This
connections to the QHE device. There am® quadru- correction factory; is to be determined in the analysis.
ple-series connections becausee set of four short We again assume thB(i) is a function of tempera-
coaxial leads, located outside the sample probe, connectture and current, and it can therefore differ from the
room temperature access points 5, 3, 1, and D at pointideal valueh/(e%). Measured values 0¥y, also vary
Y, providing four current paths to the devidnotherset with frequency [4-9]. We assume: (a) that this frequency
of four short coaxial leads connect access points 2, 4, 6, dependence arises from the parasitic impedance effects
and S at point Z. Short coaxial leads, also located out- of the ac quantized Hall resistance standard, as repre-
side the sample probe, connect point Y with the Drive sented by the correction factdy; (b) that the intrinsic
and Potential ports, and point Z with the Inner/Outer and quantized Hall resistand®&,(i) is not frequency depen-
Detector ports. dent; and (c) that the dc values are appropriate for the

This quadruple-series circuit is considered here be- Ry(i)/2 resistances in Fig. 4. (The last assumption does
cause it provided the desired accuracy in earlier stagesnot preclude adding a frequency dependence to the mea-
of the analysis [13,16] with all sample probe leads at- sured dc values oRy(i) if the predicted value of
tached. All other circuit connection possibilities (except Vu(Y,Z) does not agree with the measured value.)
the single-series “offset” circuit examined in Sec. 6) had  Finding the exact algebraic equations for all the cur-
been eliminated in Refs. [13] and [16] due to undesir- rents, and for the correction factdk; to the quantum

able parasitic impedance effects. Hall voltage as defined by Eq. (37), is difficult because
of the many coupled equations. However, it is important
7.1 Exact Quadruple-Series Equations to obtain theexactsolutions, rather than initially guess

approximate solutions, because the frequency dependent
We again use Kirchoff's rules to sum the voltages effects we are trying to minimize or eliminate are small,
around loops and the currents at branch points to obtainbut significant.
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The algebraic derivations were again done “by hand”, suggests a cumulative progression of computer round-
rather than with computer software programs, becauseoff errors in the calculations that affects some current
doing it “by hand” allowed us to investigate each stage components.
of the solution, and to get a physical sense of the equa- Both authors also calculated the case where the wire-
tions. Computer software programs generated pages ofto-wire capacitances approach zero by again using the
equations, with no simplification and no physical in- limiting values 10%®° F. The results were in good to
sight. Computer programs were, however, again used toexcellent agreement except for the out-of-phase term of
calculate numerical examples. We used the proceduresl, (which differed in the second significant figure) and
described in the next two paragraphs to find the exact the in-phase terms df andl,, and out-of-phase terms
solutions. of 1, andl,, (which differed in the first significant fig-

Two of the authors independently derived the equa- ure). Except for a difference in the second significant
tions. They made the same choices of current branchfigure for the in-phase term ¢f and in the first signif-
points, but different choices of paths for the independent icant figure for the in-phase term &f, the exact alge-
voltage loops and substitutions of algebraic variables. As braic solutions that were finally chosen and discussed
described above, there are 45 coupled equations and 4@elow are in excellent agreement with the numerical
non-zero currents for this circuit. However, 5 of the results listed in Egs. (48) and (49) of Ref. [16] for zero
currents (e, lcg I 1o @Ndlpy) can be easily obtained  wire-to-wire capacitances.
after the other currents are individually expressed as The third author used the initial set of 40 coupled
functions oflq. For example]c, can be obtained once current equations discussed below, again entered those
Ip andlc, are known by using the voltage lo@p, 2, equations as a matrix array in the Mathtadftware,

Cb, through the shield, and back @,. The crux of the and for particular numerical examples, inverted the ma-
problem is to solve the remaining 40 branch and loop trix to obtain numerical results that were in complete
equations containing 41 coupled currents. agreement for almost all of the currents, and to help

The two authors used different strategies to resolve the above discrepancies in the other currents.
“decouple” these 40 initial equations and thereby derive This method for solving the coupled equations is faster,
the results. They therindependentlyused Mathcad  but less reliable, than solving the equations by hand,
PLUS 6 (Professional Edition for Macintosh comput- since round-off errors can go undetected. It was not
ers) software to enter theiown algebraic substitutions  possible to extend the matrix inversion calculations to
and theirown current equations, and then compared the limit of negligible wire-to-wire capacitances, but
numerical results. The 92 in-phase and out-of-phase most of the other results were in good to excellent agree-
components of the 46 currents were in agreement to ment with the exact solutions discussed below. However,
within at least six significant figures for 80 of the com- there were differences in the second significant figure
ponents when using the highest allowed precision of the for the in-phase terms af; and I, and in the first
software and when the values were expressed in thesignificant figure for both the in-phase and out-of-phase
scientific notation 1.2345& 107Y% The results agreed terms ofly andls.
to within five significant figures for three other compo- Neither of the two exact solutions, nor the matrix
nents, four significant figures for one component, three inversion solution, gave a complete set of correct current
significant figures for another component, and two sig- equations. Each solution had several obvious inconsis-
nificant figures for yet another component. Therefore, tencies. This is possibly due to the cumulative effects of
almost all results were in good to excellent agreement. computer round-off errors. We chose the exact solution
However, six components disagreed in the first signifi- with the fewest inconsistencies, and then eliminated
cant figure. These six components were the in-phase andthose inconsistencies by substituting the approximate
out-of-phase (imaginary) terms &f and Iz, and the solutions listed in Eqgs. (53u), (53w), and (54e) for the
in-phase terms of,, andl,.. A troubling aspect of this  exact equations fdr, I,,, andl,. These final solutions,
disagreement was that one author showed that the nu-with approximate solutions substituted fer, I, andl,
merical values of the in-phase termlgffor that solu- were then checked at least twice by one of the authors.
tion depended on therder that the algebraic substitu- In the final solutions discussed here, all 46 coupled
tions were calculated in the exact equation, and how the currents shown in Fig. 4 were expressed in terms of the
substitution terms were grouped in the equations. This “core” currentsloy, lcg, Is, lcg, oy le Toy la lc,, @ndlp.
- These “core” currents were then successively substi-
! Certain commercial equipment, instruments, or materials are identi- tuted into the remaining equations to obtain an equation
fied in this paper to foster understanding. Such identification does not for each current that was expressed as functionig,of

imply recommendation or endorsement by the National Institute of This process involved 263 algebraic substitutions of
Standards and Techlogy, nor does it imply that the materials or variables

equipment are necessarily the best available for the purpose.
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It is not feasible to list the final solutions here. There- creasing physical separations between corresponding
fore, just as in the single-series “offset” case, we: (1) pairs of inner conducting surfaces.
present numerical examples of the currents and quantum Using these cardinal nhumbers, and grouping similar
Hall voltage in Sec. 7.2; (2) list the approximate equa- types of currents, the numerical results for the currents
tions for the currents and quantum Hall voltage in Sec. shown in Fig. 4 are
7.3; and (3) can supply the reader with a 29 page com-

puter printout which lists the 263 algebraic substitu- o= {[1.00000] — j[1.0 X 10 "} I (39a)

tions, the exact current and quantum Hall voltage equa-

tions, the approximate equations, and numerical Is={[0.99990] — j[6.1 X 1075} I (39b)

calculations for a particular set of circuit component

values of the reader’s choice. lg={[0.99990] — j[1.0 X 10 “]} lot (39¢)

7.2 Numerical Examples I = {[1.00000] — j[1.0 X 107} I (39d)
We give here numerical examples of how the parasitic I, = {[1.00000] — j[1.0 X 10 ]} lo (39%)

impedances within the ac QHRS affect the currents and

the measured values Wb = Vy(Y,Z) — rpilc,. Cardinal l.={[0.99990] — j[1.0 X 107} lo (39f)

numbers are again usually assigned to the circuit ele-

ment components of Fig. 4 to emphasize that the results Ip = {[0.99990] +j[3.9X 107} I (399)

presented below are not intended as calculations for a

specific sample probe. We will measure the actual val- I, = {[1.00000] + j[0.04020]}l ot (39h)

ues of all the parasitic impedance components of our

sample probes as a function of liquid helium level. Ipr = {[1.00000] + j[0.04030]} o (39i)

The cardinal values we use in most examples are
le ={[1.0 X 10 "] +j[9.9 X 10 ™} I (39)
Ri=10°Q (38a)
I, ={[1.0 X 10°%] — j[1.0 X 109} I (39k)
I’S=r1=l’2:r3=r4=r5=l’5=rD=1Q (38b)
le, ={—[9.9X 10" +j[1.0 X 10 %} Iy (39I)

Fot=Tot=rp=rp =103 Q (38¢c)
le, ={[1.0 X 10 ¥ +j[1.0 X 10} loy  (39m)

Fa=rp=re=rg=10°%Q (38d)
leo, ={[1.0 X 102 +j[1.0 X 10 "} 1o,  (39n)

M, = e = 102 Q) (38e)

le={[1.0 X 109 +j[2.1 X 107 %]} I (390)
CS:C1:C2:C3:C4:C5:C6:CD: 1071()': (380
l,={[1.1 X 1071 +j[2.0 X 10 %} | o, (39p)
Cor = CDt = Cpt = CDr = 10712 F (389)
I, ={[1.0 X 10 7] +j[2.0 X 107} I (390)
Ca=Cs=10"F (38h)
le ={[1.0 X 104 +j9.9 X 10} lo;  (39r)
Cr2=Cs4 = Cs6 = Csp = Cs1 = Cs3 = Cs5 = Copy
I, ={1.1 X 10 +j[1.9 X 1071} I, (39s)
=Cyp=Cep =108 F (38i)
I ={[1.0 X 10"] —j[1.0 X 10} I, (391)
LS:L1:L2:L3:L4:L5:L6:LD:1076H (38])
ls ={[1.0 X 107] = j[1.0 X 10"} I, (39U)
w =10 rad/s. (38Kk)
I3 ={[1.1 X 10 ] +j[1.9 X 10} I, (39v)
The 100 pF capacitances-to-shield values of Eq. (38f)

may be close to those that will be obtained in the short Iy ={[1.0 X 1074 +j[1.0 X 107} I, (39w)
NIST sample probe, but typical ac probes have values
around 250 pF. Note thalss > Csz > Csy > Csp and I, ={[1.0 X 1071 +j[2.0 X 10 %} I (39x)

Cop > Cyp > Cyp in real sample probes because of in-
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I, ={[1.1 X 101 +j[2.0 X 10"} I (39y) tancesCs, C;, C;, andC; in this example. That is not a
problem if there is enough adjustment in the bridge
I, ={[1.0 X 107] +j[2.1 X 107%]} I, (392) Drive to provide this extra 4 % of out-of-phase current

to Ipr.

Is={[1.1 X 10" +j[0.01002]} o (40a) The exact equation for the measured ac quantum Hall
voltage is obtained by summing the voltages between

I3={[1.1 X 107 +j[0.01002]}| o (40b) the inner conductors of the Detector coaxial port and the
Potential coaxial port. Taking the path from the Detector

I, ={[1.0 X 1074 +j[0.01002]} o (40c) port to point Z, through arm 4, voltage generatdts
andVg, through arm 3 to point Y, then to the Potential

le,={[1.0 X 10°°] +j[0.01000]} o (40d) port we find that

Ic,={[1.0 X 10 °] +j[0.01000]}l ot (40e) Vo= Rulc+ Ruly + zuls + 23l 5, — reil (41)

lc, ={[1.0 X 10 °] + j[0.01000]} o (40f) which can be expressed as

ICD = {[10 X 1076] + ][001000]}'01 (40g) th: VH(Y,Z) - rptlcpt (423)

lon={[1.0 X 109 +j[1.0 X 10} lo,  (40h)  or
leo, ={[1.0 X 109 +[1.0 X 10} oy (40i) Va(Y,2) = [1 + AR lor, (42b)

legy = {[1.0 X 1079 +j[1.0 X 10 ]} I (40j) whereAy; is the correction factor to the intrinsic quan-
tized Hall resistanc®,(i) of the QHE device.
le,p ={[1.0 X 10°] +j[1.0 X 10 ]} loy  (40Kk) The numerical results for this example are

leyp = {[1.0 X 10°% +j[1.0 X 10} lo,  (40I) Vu(Y,2) ={1 — [2.1 X 1077] — j[1.0 X 10"} Rulo
(43a)
leeg ={[1.0 X 0% +j[1.0 X 10 )} loc  (40m)
Ay ={—-[21X 107 —j[1.0 X 10} (43b)
legy ={[1.0 X 1079 +j[1.0 X 10 7} I (40n)
for 100 pF lead capacitances and #amnevalues
leg, ={[1.0 X 1079 +j[1.0 X 10 7} I (400)
Az ={—-[2.1 X 107] —j[1.0 X 107]} (44)
leoy ={[1.0 X 107 +j[1.0 X 10 ]} I (40p)
for 250 pF coaxial leads. Therefore, the, corrections
lege = {[1.0 X 1079 +j[1.0 X 10 ]} I (40q) are independent of the values of the capacitances-to-
shield.
ley, ={[1.0 X 1079 +j[1.0 X 107 °]} I, (40r) If the wire-to-wire capacitances can all be reduced to
1 X 10 **F, then the in-phase and out-of-phase correc-
le,, ={[1.0 X 10 9 +j[1.0 X 10 ]} lo.  (40s) tions are

We can see from the 9®@ut-of-phase (imaginary or j) Ay; ={—[2.0X 1077 — j[1.0 X 107} (45a)
components of currents,, Is, I, I3, 1, 1, andlp that
the four shunt currentig,, Ic,, Ic,, andlc, all bypass the  and
QHE device. This is a great advantage of the quadruple-
series circuit because it reduces the errors due to the Az ={—[2.0X 107" — j[1.0 X 1075} (45b)
parasitic capacitancess, C;, C;, andCp.

The out-of-phase components of shunt currdgsts for 100 pF and 250 pF coaxial leads, respectively.
lca ley ooy lear lcpe @ndlc,, @are much larger than for There is a—1 X 10 * Ryl out-of-phase component
shunt currenttc, andlc,, because contact pads 3', 1', in the Vi4(Y,Z) signal for the numerical examples given
and D are all near the quantum Hall potential, rather in Egs. (43) and (44). We will see from the approximate
than near the shield potential. A 1 % out-of-phase cur- solution listed below in Eq. (55) that these out-of-phase
rent passes through each of the coaxial cable capaci-errors arise from the parasitic impedances.
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The out-of-phase component of the ac quantum Hall impedance corrections to the ac valueg€2,6) in Eq.
voltage signal is nulled with bridge balances. Balances (47), so
in NIST high precision ac bridges are capable of provid-
ing out-of-phase adjustment signals as large as 5 Vi(2,6) 0(ry + ro)lor. (48)

10 * Ruloy SO the bridges can null this signal. However, _

great care must be taken to calibrate and apply correc-Another consequence of the requirement that Bgth
tions for the inadvertent injection of in-phase signal @ndVx(2,6) be measured under the same conditions is
resulting from the in-phase (phase defect) contributions thatVeiandV,(2,6) should be measured during t&me

of the capacitor components used in the bridge balancescool-down.

to null the out-of-phase component of the ac quantum We suspect that the intrinsic longitudinal resistances
Hall voltage signal. These inadvertent in-phase (phase v andr. are not frequency dependent, and therefore that
defect) injection signals are unintentionadigidedto the ~ d¢ measurements 0#.(2,6) will suffice, but the ac
real in-phase component of the ac quantum Hall voltage Measurements described in Sec. 6.4 should also be
signal. The uncorrected phase defect error in the mea-made in order to test this supposition. The single-series
sured quantum Hall voltage hadiaear frequency de- “o_ffset" ac V,(2,6) measurements discussed in Sec. 6.4
pendence in NIST four-terminal-pair bridges. (Note that Will have to be corrected by the factdss of Eq. (26) to
normal ac reference resistors have very small capaci- ©Ptain the ac values af, andr. to be used in Eq. (43).
tances and inductances, and therefore these phase defect It follows from Egs. (46), (47), and (48) that the
errors can be neglected, but this is not the case for accorrection factordy; to the ac quantum Hall voltage
quantum Hall standards.) Failure to properly account for Ru(i)lot is

the phase defect errors may be a source of the linear

frequency dependences of the ac quantized Hall resis- Svz = Ay +%. (49)
tances reported by other laboratories.

We see from Egs. (42a), (43), (44), and (45) that the
real parts of the measured ac quantum Hall voltdge
and the internal voltag®(Y,Z) appear to have unac-
ceptably large error terms, with values ef2 X 1077
Ru(i) 1o for these two examples. However, we found in
Refs. [13] and [16] (and find again here) that, and
Vu(Y,Z) are functions of the longitudinal voltag&(2,6)
along the device, wher&,(2,6) is measured between
room temperature access points 2 and 6. Therefore, thefor 100 pF lead capacitances and
equation forVy(Y,Z) can be expressed two different
ways: the way we have been using

The predicted values of the intrinsic ac quantum Hall
voltageRy(i ) lo; have the following correction factois

in our numerical examples when the circuit element
components shown in Fig. 4 once again have values given
by Eq. (38), and the value of(+r.) is 2 X 107" Ry:

Sz ={—-[1.0X 1079 — j[1.0X 107}  (50a)

Svz={—-[1.0X 10 —j[1.0X 10}  (50b)
Vout eddep = Vi(Y.2) = [1 + Avz]Rulor, (46) for 250 pF coaxial leads when the wire-to-wire capaci-
tances are all X 1002 F.

If the wire-to-wire capacitances can each be reduced
to 1 X 10 *F, then the in-phase and out-of-phase cor-
rections are

and
Vp[+ rpllcptz VH(Y,Z) = [1 + 6YZ]RH IOl - Vx(2!6) (47)

The first term on the right hand side of Eq. (47) is the
ac quantum Hall voltage that we want to extract. This
term has a correction fact@; arising from parasitic
impedances in the ac quantized Hall resistance standard.a nd
The second term on the right hand side of Eq. (47) is the
ac longitudinal voltage. Thug.(Y,Z) is the ac quantum
Hall voltage across the QHE device (with corrections)
minus the ac longitudinal voltage/,(2,6) along the
device.

It is crucial in Eq. (47) thaboth \f, and V,(2,6) be
measured under theameconditions. Unlike the single-
series “offset” case shown in Fig. 3, no currents pass
through capacitor€, andC, in Fig. 4. Thus, to a high
degree of accuracy, there am® significant parasitic

Svz={—[1.9X 109 —j[L.OX 10}  (5la)

Svz={—-[1.9X 109 — j[1.0x 109}  (51b)

for 100 pF and 250 pF coaxial leads, respectively. The
dvz corrections are independent of the values of the
capacitances-to-shield. We will see in the approximate
solution Eq. (55) that the out-of-phase and the in-phase
components ofly; andéy; depend on the summed-total
of the wire-to-wire capacitance values, and on the
square of these summed-totals, respectively.
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The —1 X 1078 Ryle, error in the in-phase compo-
nent of the ac quantum Hall voltad®,(i)lo: in Eq. (50)
is quite manageable. Furthermore, it can be corrected
using numerical calculations. Uncertainties can be as-
signed to this correction by varying the values of the
circuit element components within the measurement un-
certainties in the calculations, and by using the approx-
imate solution given in Eq. (55). We have already dis-
cussed the fact that the1l X 10 * Ryle; out-of-phase
component oRy(i)lorin Eq. (50) can be handled if care
is taken to calibrate and apply corrections for the small
in-phase (phase defect) contributions of the bridge com-
ponents used in the bridge balances to null the out-of-
phase component of the ac quantum Hall voltage signal.

The quadruple-series circuit is an excellent candidate
as an ac QHRS. We next give the approximate solutions
for the currents and the quantum Hall voltage to show
the sources of the in-phase and out-of-phase errors.

7.3 Approximate Quadruple-Series Solutions

The terms in the following approximate solutions
were again obtained in a tedious process by changing
the individual values of circuit element components
shown in Fig. 4 by an order of magnitude in the com-
puter program; observing the calculated results; and
then using “educated guesses” and “trial-and-error” to
find algebraic expressions that duplicate these results.
The approximate solutions yield results that agree to
within at least two significant figures for both the real
and imaginary parts of the exact numerical results listed
in Egs. (39) to (40), (43) to (45), and (50) to (51).

All the terms in the approximate equations were
found to be necessary for the particular sets of circuit
component values tried so far, but other terms may very
well need to be added to these approximate equations if
the circuit components have values significantly differ-
ent from the cardinal numbers listed in Eq. (38). The
reader should again be cautioned that it is &hact
equations that are the most reliable, not the approximate
equations. However, the approximate solutions do
provide physical insight into the sources of error in
gquantum Hall voltage measurements.

Once again, leCyx be the summed-total of all the
wire-to-wire capacitances,

Cxx =Csp + Cs1 + Cs3 + Cs5 + Cop + Cyp + Copp
+ C]_'z' + C3'4' + C5'6' . (52)
Then

ICOt = ICOta = {[ wzcotcotrOtrOt] + J[ (UCOtrOt]} IOt (533)
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fotg —

e

RH

(53b)

IYOt::I IOI_ ICo(a

. L
oo

—jo(Cop + Cyp + Cop + Cr2 + Cas + Cse )R]} lor (53¢)

ICB = ICBa = {[ wZCBCOtrSI’Ot - wZCBLs]

+ [w’Cg(Cyp + Cap + Copr + Crz + Caa + Csp )Rur o]

+j[wCsrg]} lot

IKB = IKBa: {[;TS]-FJI:“)

(53d)

- [w(cz'o' +Csp +Cop + Crz +Cas + Cse)Ry r%]}'m

(53e)
la=lg,=ls,+Ics, = {il @(Csp+Cs1:+Cs3+Css)Ru]} ot
(53f)

([ ek
+j[@(Cop + Cs6 )R]} ot (539)

legn = lego, =1l *Cxx CopRuRy + @*Csp Lo]
+ j[wCe-D- RH]} IOt (53h)

legs = |<:5v6~a ={[ wZCS'G'CX'X'RHRH] +j[0CseRu} ot
(53i)

— j[w(Cxx — Cop — Cse)rgl} lot (53))
ot [ oo
— j[wCxx I} lot (53k)

less = |035‘a ={[ @°Css Cxx RiRy — @’CgCss Rurg]

+ [wZCss' Ls] + J[ U-)CS‘S' RH]} IOt (53')
5= Iz, =I5, + {{ @°Cxx (Css + Coe )RuR4]

+][@(Css + Cse )R} ot (53m)



Volume 104, Number 6, November—December 1999
Journal of Research of the National Institute of Standards and dEgyn

le, = |csa ={[ @?CsCxx RiRy — 0?CgCsRy re

+ J[wCSRH]} IOt (53”)

ls= s, = Iz + I, (530)

I(::Ica—lda |5a+|6a (53p)
ey

+ j[w(C4-D- + C34)RH]} IOt (53q)

leyo = leyp, = {{ @*Cxx Cap RiRy + 0°CyprLo]
+ J[a)C4D RH]} |01 (53!’)

lesy = lega, = {[ @°Cxx Caa RuRH] + [ wCas RiJ} ot

(53s)
I4I = |4Ia= I4a - {J[ w(C4'D' + C3'4')RH + wCX'X' rC]} Io[
(53t)
[oLilo ﬁu]
HeRRORA

— JlwCxx I} ot (53u)

le3' = ICS‘3'a = {[ wZCS?:'CX'X'RHRH]
+[w°CszLg] +j[wCs3Ri]} ot (53v)
Ly =l =z, + {i[ (Csz + Co4)Ral}lor  (53w)

le, = IC3a: {l 0’CCxx RuRy — wZCBC3RHrs]

+ [ wCsRY]} ot (53x)
|3:|3a:|23a‘|‘|(;3a (53y)
Ib:lbazlca_ I3'a+|4'a (532)

=1y, = {[% + 0?Cyx (Czo + Cr2)Ry RH]

+j|:wCB rsi + w(Cyp + Cl‘z‘)RH:|}IOt

R (54a)
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leyy = leyp, =1l 0’Cxx CooRiRy + @°CoprLo]
+ j[(UCZ'D' RH]} IOt (54b)

le,, = ICl'z'a = {[ 0" Cxx Cr2RiRy] + j[wCrz R} ot
(54c)

l2=1,= 15— {l ?’Cyx (Cop + Cr2)RiRy]

— j[@(Cep + Cr2)Ry + @Cxx I} o (54d)

Ij_' = Il‘a: {I:%]"‘j[wCBrs%"' wCArD + w%}

— Jlo(Cxx — Csr — Cy2)p + wCxx I} o (54€)
lesy = lesy, = {{ @°CsrCxx RuRH]
+[0°Csrlg] + j[wCsrRul} o (54f)

Iy =z = e, + [ @(Csy + Cr2)R o (540)

lg, = |cla ={[ 0’CiCxxRiRy — 0’CaCiRy rel

+j[wCiR4]} ot (54h)
ll:lla:|21a+lcla (54|)
la=lg=To, = lr,+ 12, (54))

ICS‘D' = ICS‘D'a = {[ wZCSD'CX'X‘RHRH]
+ [0*Csp (Ls + Lo)] + j[ @Csp R} lox (54k)
I = ko, = {[%}— j[wCBrs%}}lm (54])

ICA = ICAa = {[ wchCX'X'RHRH]

+ [0’Calp] + j[ wCARA]} ot (54m)

e

— j[o(Csy + Cs3 + Cs5 + Cpz + Caq + Cs6)Ru]} o
(54n)

|cD = ICDa = {[ wchCX'X'RHRH]

— [w?CeCoRyrg] + j[ wCoRu]} o (540)



Volume 104, Number 6, November—December 1999
Journal of Research of the National Institute of Standards and dEgyn

oo = lep, = {[ @°CeCx RuRu] samecool-down forboth ac and dc currents withll
sample probe leads attached. We also predict that the
— [0?CsCriRyrg] + j[ @CriRu]} o (54p) single-series “offset” connections can be used to ade-
quately measure the ac longitudinal resistaRgguring
L = lip, = lot + leg, + le, +ley, +ley, + e, (540) that same cool-down.
It is crucial in these measurementsRf and R, that
leo, = lep, = {[ @*Co:CxxRiRi] the wire-to-wire capacitances of the quantum Hall
device and its sample holder be made as small as possi-
— [@®CsCoiRurg + j[ wCo:RuJ} lo (54r) ble. It is also crucial that care be taken to calibrate and

apply corrections for the in-phase (phase defect) contri-
lor = lor, = lot + leg, + 1y, + e, + ey, +lep,- (54S) butions of the bridge components used in the bridge
balances to null the out-of-phase component of the ac

Expressing Eq. (41) in the form (42), guantum Hall voltage and ac longitudinal voltage sig-
nals.

A= Avy = {_ [(rb +r)  (rarp+ rsrc)] Finally, we caution the reader that this analysis applies

veT SNz Ry RaRy only to the ac quantized Hall resistance standard itself.

The analysis doesot consider the effects of (a) im-
proper realization of the four-terminal-pair measure-
ment definition; (b) systematic errors in the ac and dc
bridges; and (c) inadequate frequency dependence cor-
— [w®CxxLs+ 0*Cslg] rections of the ac reference impedance standards to
which the ac quantized Hall resistance standard is com-
- j[(UCx'x' RH - wCB I's + wCOtrOt + (,()Cptrpt]}. (55) pared.

- [G)ZCX'X'CX'X'RHRH - (UZCBCX'X'RHrS]
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